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Abstract

Completeness of the Dirac oscillator eigenfunctions is proved in one and three
spatial dimensions. Proofs are based on standard properties of the Hermite and
the generalized Laguerre polynomials.

PACS numbers: 03.65.Pm, 02.30.Gp

1. Introduction

In recent years various mathematical properties of solutions to the Dirac oscillator
eigenproblem have been extensively investigated both analytically and algebraically (e.g.,
[1-5]). The purpose of the present work is to prove completeness of the Dirac oscillator
eigenfunctions. To the best of our knowledge, this problem, very important from the point of
view of past [6—8] and planned applications, has not been studied yet.

2. The Dirac oscillator in one spatial dimension

2.1. Eigenproblem and its solutions

The differential eigenproblem for a one-dimensional Dirac oscillator is
d

co (—ihd— — i,Bmwx) W(x) + fmc*W(x) = EV(x) (—o0 < x < 00) 2.1
X

W (x) bounded for x — +o0 2.2)

where @ > 0 (oscillator frequency) is a fixed parameter, E is an eigenvalue while @ and g are
2 x 2 matrices obeying

> =p=1 af +Ba =0 (2.3)

with I, denoting the unit 2 x 2 matrix. For the present purposes the most convenient
representations of « and 8 are

(03) ()
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and expressing the wave function W (x) in terms of its components

W(x) = ( J ) > 2.5)
8(x)
we rewrite the eigensystem (2.1) and (2.2) in the explicit form

chd];(x) +mewxf(x) = (mc* + E)g(x) (2.6)
X

chdiﬁ — mcwxg(x) = (mc* — E) f(x) (2.7)
X

f(x) and g(x) bounded for x — Fo0. (2.8)

Solving the eigensystem (2.6)—(2.8) one finds [6] that its solutions may be labeled by a
quantum number n assuming all integer values. The eigenvalues are

7
E, =j:mc2,/1+2|n|—”2 (n=0,+1,42,..) 2.9)
mc

where the upper sign should be chosen forn > 0 and the lower one forn < 0, while components
of the eigenfunctions, orthonormal in the sense of

/ dx [fa(x) fin(X) + 80 (X) gm (X)] = Sm (2.10)
are
ME, +mcz) _p2x2
fulx) = /m H, (hx)e ™~ /2 .11
_ AME, — ch) —A2x2/2
gn(x) = i\/zlnl(|n| ~DIJAE, Hjpj—1(Ax)e (2.12)

(observe that go(x) = 0) where H;(§) is the Hermite polynomial [9] and

maw

A= —. 2.13
- (2.13)
It will be profitable to notice the following symmetry properties of the eigensolutions:
E_,=—-E, (n#0) (2.14)

E, —mc? | Ey +mc?
fon(x) = E im Sa(x) g-n(x) = — mgn(x) (n #0). (2.15)

2.2. Proof of completeness

Completeness of the one-dimensional Dirac eigenfunctions will be established if we succeed
in proving the closure relation

S (IO aw)= (g 1 )se-n) ceca <o

n=—00

(2.16)

where §(x — x’) is the Dirac delta function. To this end, we observe that the matrix relation
(2.16) is equivalent to two ‘diagonal’ scalar relations

I(x,x)) = Z Ja () fu(x") = 8(x — x") (2.17)

n=—00
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Ja,x)= ) gn(0)ga(x) =8(x —x)) (2.18)

n=—0o0

and one ‘off-diagonal’ scalar relation

K, x)= ) fu)gx)=0 (2.19)

n=—00

(the second ‘off-diagonal’ relation follows immediately from the relation (2.19)).
To prove the relation (2.17), we decompose its left-hand side in the following way:

1(x, x') = fo0) fox") + Y [ falo) ful6)) + fon(@) foa ()] (2.20)
n=1

On substituting here the explicit forms (2.11) of f,, and collecting terms containing the Hermite
polynomials of the same degree, we arrive at

o0
/ A g
1) =) e e 00 Hy 0, 221

Application of the following known closure relation obeyed by the normalized Hermite
functions

= 1

Z 2mnl /T

n=0

IV H, O, (E) =8¢ —€) (-0 <§.E <o00) (2.22)

and the following identity obeyed by the Dirac delta function
SOx —Ax) =2718(x — X)) (—o0 < x,x" < 00) (2.23)

to the right-hand side of equation (2.21) immediately leads to equation (2.17).
To prove the relation (2.18), we make use of the fact that go(x) = 0 and decompose the
left-hand side of (2.18) as follows:

[e¢]

T, x) = [gna1 (gt () + gn1 (1) gn1 ()] (2.24)
n=0

Substituting here the explicit forms (2.12) of g, and collecting terms containing the Hermite
polynomials of the same degree, we find

o0
’ 2 : A —A2(x24x7? ’
J(X, X ) = y W € G )/an ()\.)C)Hn ()\‘x ) (225)

hence (cf. equations (2.22) and (2.23)) equation (2.18) follows immediately.
Finally, to prove the relation (2.19), we again make use of the fact that go(x) = 0 and
write
o0

K x) =Y [ fa0)ga(x) + foa(¥)g-a(x))]. (2.26)

n=I

Since equation (2.15) implies that the product f,, (x)g, (x’) is an odd function of n, the summand
in equation (2.26) vanishes and thus equation (2.19) has been proved.
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3. The Dirac oscillator in three spatial dimensions

3.1. Eigenproblem and its solutions

Now we turn to the three-dimensional Dirac oscillator. The relevant eigenproblem is

ca - [—ihV — iBmor]¥(r) + Bmc* W (r) = EV(r) (r e R®) 3.1
W (r) bounded everywhere 3.2)

where again @ > 0 (the frequency of the oscillator) is a fixed parameter and E is an eigenvalue.
In equation (3.1) « and g are 4 x 4 Dirac matrices [10].
The eigensystem (3.1) and (3.2) possesses solutions of the form

1 P (r) Qp, (1)) )
Y (r)y=—| . J 3.3
o= ( 100(r) Qg (1) G-
where n, = r/r, Qim,; (n,) are spherical spinors, k = +1, £2,...andm; = —|/c|+%, —|x |+
%, R I % The radial functions P, (r) and Q, (r) are solutions of the eigensystem
dP.(r) K 5
ch +ch—P.(r) + mcwr P (r) = (mc”+ E.)Q,(r) 0 <r <o0) 3.4
r
d
ch% — chEQ,( (r) —mcowrQ,(r) = (mc2 — E)P.(r) 0O <r<o0) 3.5
r r
P.(0)=0,0)=0 P.(r) and Q, (r) bounded for » — oo. 3.6)

The structure of the spectrum of the radial eigensystem (3.4)—(3.6) depends on the sign
of k. The eigenvalues are found [1,3] to be

7
Ene = £mc |1 +4in| =0 (n=0,+1,+2,..)  fork <0 (3.7)
mc

with the upper sign chosen for n > 0 and the lower one for n < 0, and

n
Ene ::I:mcz\/1+4(|n|+l+%)—w2 (n==+0,+1,42,..)  fork>0  (3.8)
mc

with the upper sign chosen for n = +0, +1, +2, . . . and the lower one forn = -0, —1, =2, .. ..
(Notice that for k > 0 it is necessary to distinguish between the cases n = +0 and n = —0.)
Associated radial eigenfunctions, normalized according to
[o¢]
f dr [Pn/( (r)PITlK (r) + QI'LK (r)QWlK (r)] = (Snm (3'9)
0
are [3]
Aln|\(E,, +mc?
P (r) = |n]!( 3’"0 ) ()»r)l”e_)‘z’z/zL‘(flTl/Z)(Azrz) (3.10)
Iﬂ(|n| +1+ E)EI’H(
AMr|NE e —mc? ) )
Qn,( (r) — :I:Sgn(l() |n | ( Smc ) ()\'r)l +lefk2r2/2L‘(’ll,Tl/2)()\’2’”2) (311)
C(n'| +1'+ 3) Epe

where L,Ea)(,o) is a generalized Laguerre polynomial [9]. (The same sign convention as in
equations (3.7) and (3.8) applies in equation (3.11).) Itis to be observed that for k < 0 one has
Qo (r) = 0. The integers |n’|, [ and [’ appearing in equations (3.7), (3.8), (3.10) and (3.11)
are defined by

, In|—1 forx <O
In'| =

|n| fork > 0 (3.12)
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_ 11 —k—1 forxk <0
P=lk+; 2_{/< fork >0 G.13)
, 11 —k=1+1 fork <0
F=le=sl 2_{K—1=1—1 for k > 0. @19
In the next subsection we shall make use of the following symmetry relations:
E_..=—E, (except for n = 0 when x < 0) (3.15)
E,. —mc? E,. +mc?
P_p(r) = mpnx(") O_ne(r)=— mQrm(r)
(except for n = 0 when « < 0) (3.16)

stemming from equations (3.7), (3.8), (3.10) and (3.11).

3.2. Proof of completeness

The supposed closure relation obeyed by radial eigenfunctions is

- nk / 1 / /
Z < P (r) )( P () One(r) ):<0 ?)8(r—r) O <rr <o0).

oo Onie (1)
(3.17)
We shall prove it by deriving the following summation formulae:
o0
L) = Y Puc(r) Puc(r) = 8(r — 1) (3.18)
n=—00
o0
T, )= D7 Quelr) Qe (') = 8(r — 1) (3.19)
o0
Ke(r.r) = Y Puc(r) Que () = 0. (3.20)
n=—0oo

It is to be remembered that in equations (3.17)—(3.20), as well as in the rest of this subsection,
the summations over n, extending from —oo to +00, for k < 0 include a term corresponding
to n = 0 while for ¥ > 0 include terms corresponding to n = +0 and n = —0.

We begin with the relation (3.18). If x < 0, we decompose the left-hand side of that
equation in the following way:

I (') = Po_1-1(r)Po, 11 (r') + Z [Pa—i=1(P) Py 11 (F) + Py i1 (r) Py 11 ()]

n=1

(3.21)
while if « > 0, we write
o0
L) = Y [Pu)Pul') + Poy(r) P ()], (3.22)
n=+0

In either case, collecting terms containing the generalized Laguerre polynomials of the same
degree, we arrive at

> 2an! y
L.(r,r) = Z _I‘(n +’Z+ 3) (M)m ()‘.r/)l+1ef)\2(r2+r2)/2L£II+1/2) (}Lzrz)Lilzn/z) (Azrfz)'
2

n=0

(3.23)
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The series in equation (3.23) may be summed on making use of the known closure relation

oo

n! (oas » . , ,
Y T PRI ELY L (0) =80 —p) (0 < p,pl < 00)
= ln+a+l)

(3.24)
obeyed by the generalized Laguerre functions. Subsequent application of the relationship

S(r—r")
2.2 2.2\ /
5()\.}’ —)\r)—m (0<r,r <OO) (325)
following from the standard properties of the Dirac delta function, completes the proof of
equation (3.18).

Next we consider equation (3.19). When « < 0 we utilize the fact that Qg _;_;(r) = 0
and rewrite the left-hand side of this equation in the form

o0

Joanr) = Z [Qnit,—1=1(F) Ot =11 () + Q1 11 () Q1 —11 (P ]
n=0
(3.26)
while for k > 0 we decompose it in the following way:
Ji(rr') = Z [Qu () Qu () + Qi (1) Qi ()] (3.27)
n=+0

On collecting terms at the generalized Laguerre polynomials of the same degree, in both cases
we find

> 2xn! ) , , , )
Jo(r, r/) — Z ()Lr)z+1(M/)z+1e—x2(r2+r2)/2L’(11+1/2)()L2r2)L}(11+1/2) (Azr/z )

STm+l'+3)
(3.28)
Hence and from equations (3.24) and (3.25) we obtain equation (3.19).
To prove equation (3.20), for k < 0 we rewrite its left-hand side as
oo
K_ (1) = Z [Pae1=1 (1) Q1 () + Py 11 (P) Q- i1 ()] (3.29)
n=1
and for « > 0 as
o0
Ki(r,r') = Z [Pu(r) Q') + Py (1) Qi ()] . (3.30)
n=+0

Since equation (3.16) implies that the product P, (r)Q,.(r") is an odd function of n, the
summands in equations (3.29) and (3.30) vanish and we arrive at equation (3.20).
The closure relation (3.17) and the known closure relation

00 lk|—1/2
Yoo D Q)R () = L8P (n, —n)) (331)
Kk=—00 mj=—|k|+1/2

(k#0)
obeyed by the spherical spinors, together with the following well known representation of the
three-dimensional Dirac delta function
_8(r— 8@ (n, — n.)

8V -7 -
rr

(3.32)
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immediately imply the closure relation for the four-component eigenfunctions (3.3)

o) lk|—1/2 [ee)
3
Do 2 D e (MY, ) = L8V =) (3.33)
K=—00 mj=—|kc|+1/2 n=—00 ’
(k#0)
where 14 is the unit 4 x 4 matrix.
We leave to the reader as an exercise to prove completeness of the Dirac oscillator

eigenfunctions in two spatial dimensions [4].
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